Two-dimensional (2D) systems provide an attractive platform to explore broken symmetry phases because their electronic states often possess internal degrees of freedom that are sensitive to external fields. Of particular interest is the role of valley and spin degeneracies in the quantum Hall regime, where the formation of Landau levels (LLs) allows interactions to dominate. Coulomb interactions can result in ordered phases that spontaneously break one or more symmetries of the Hamiltonian when an integer subset of the degenerate LLs is occupied. We first focus on spectroscopic measurements, which demonstrate a complete lifting of the valley degeneracy of the Bi (111) (Fig. 1f) . These states at odd integer filling factors go beyond previous spectroscopic measurements, which showed only a partial lifting of the valley degeneracy into three doubly degenerate LLs 15 .
Two-dimensional (2D) systems provide an attractive platform to explore broken symmetry phases because their electronic states often possess internal degrees of freedom that are sensitive to external fields. Of particular interest is the role of valley and spin degeneracies in the quantum Hall regime, where the formation of Landau levels (LLs) allows interactions to dominate. Coulomb interactions can result in ordered phases that spontaneously break one or more symmetries of the Hamiltonian when an integer subset of the degenerate LLs is occupied. This phenomenon, known as quantum Hall ferromagnetism 7 , produces a variety of broken symmetry states across several 2D systems, including spin-and valley-polarized ground states [8] [9] [10] . Recent measurements have focused on multi-valley systems that exhibit more exotic electronic behavior. In monolayer 11 and bilayer graphene 12 as well as transition metal dichalcogenides 2 , states with coupled spin and valley order have been identified based on their response to applied electric and magnetic fields. Moreover, valley polarization has been shown to lead to novel behavior such as nematic electronic order in systems with anisotropic valleys [13] [14] [15] . A recent proposal suggests that valley polarization can also result in a new type of broken symmetry quantum Hall phase: a ferroelectric ground state in which the Landau orbits have an intrinsic in-plane dipole moment 6 . These states can arise in a number of materials 5, 16 which contain individual valleys that lack two-fold rotational symmetry, resulting in LL wave functions that are not inversion symmetric. Although conventional ferroelectricity has been widely studied in thin films [17] [18] [19] , to date there have been no experimental reports of a quantum Hall ferroelectric phase in any material system.
In this work, we study the Bi(111) surface, which offers an especially rich arena to explore various valley ordered electronic states. Strong spin-orbit coupling splits two surface state bands to produce multiple electron and hole Fermi pockets (Fig. 1a ) 5, [20] [21] [22] [23] . We focus on the six degenerate teardrop-shaped hole valleys, each of which has a distinct nontrivial spin texture [24] [25] [26] (examples for two valleys are shown in Fig. 1b-c) . Due to spin-orbit splitting, there is no remaining spin degeneracy, so the only tunable quantum degree of freedom is the valley index. We define an effective filling factor ̃, which ranges from zero to six, as the number of occupied hole LLs within a given orbital index. We first focus on spectroscopic measurements, which demonstrate a complete lifting of the valley degeneracy of the Bi(111) surface state LLs as the filling factor is tuned by changing magnetic field. The evolution of the differential conductance G as a function of magnetic field B in Fig. 1d reveals an intricate pattern of energy gaps arising from a combination of single-particle and many-body effects. We focus on the dispersion of the hole-like LLs with orbital index N = 3
and N = 4, and observe that the (6)-fold valley degeneracy of these states is lifted, producing (2)-and (4)-fold degenerate LLs; the splitting between these multiplets is present at all magnetic fields, and is caused by local strain 15 (Fig. 1f) . These states at odd integer filling factors go beyond previous spectroscopic measurements, which showed only a partial lifting of the valley degeneracy into three doubly degenerate LLs 15 .
Splitting within each multiplet occurs only at the Fermi level, indicating that these states develop spontaneously due to electron-electron exchange interactions. Individual spectra as the (4)-fold degenerate multiplet crosses the Fermi level ( Fig. 1e ) demonstrate the change in relative amplitude of the two split LL peaks, which match well to the above filling factor assignments.
We quantitatively extract the magnitude of the exchange gaps for each broken symmetry state, which reaches a maximum of exch = 650 μeV and is similar for all integer ̃ [ Fig. 1g (blue)].
Exchange interactions also enhance the gap str between LLs that are already split by strain by a similar amount, as shown in Fig. 1g (red). Thus, we observe interaction effects at all integer filling factors, including for states at odd filling factors that are not split by strain and have not been previously reported.
To address the valley occupation at odd integer filling factors, we first perform largescale imaging of the Landau orbits at the energies of two singly degenerate N = 3 LLs (Fig. 2a-b,d) . We observe the same orientation of wave function anisotropy for both of the singly degenerate LL peaks, which confirms that they arise from the subspace composed of the two valleys at opposite momenta. These LL wave functions, which show up as multiple sets of concentric ellipses, are centered around surface (circles) and sub-surface defects (arrows), as labeled in the concurrently measured topography (Fig. 2c) . To first order, both types of defects can be treated as short-range potentials, which shift the energy of the single cyclotron orbit within each LL that has weight at the defect site Wave function maps in the vicinity of surface defects exhibit characteristically different behavior from the sub-surface defect maps, and do show interference patterns, but only in the vicinity of the defect (Fig. 2f) . We explore the origin and detailed structure of these features below, which arise due to defect-induced valley mixing, and are not an indication of a valleycoherent ground state with intrinsic charge modulations. The spectra in Fig. 3a show exchange splitting of a (2)-fold degenerate LL and illustrate the shift in the LL peaks at the site of an isolated surface defect. Conductance maps with very fine spatial resolution taken at the energies of the two unperturbed, singly degenerate LL peaks are shown in Fig. 3b-c . Distinct vertical fringes with a wavevector corresponding to the separation between the two pockets at opposite momenta are stronger in Fig. 3b , whereas the nodes of the wave function are more visible in Fig.   3c . The differences between these two maps reflect the details of the energies of the states involved in the valley mixing caused by the surface defect (see Supplementary Information). We further confirm that these patterns result from disorder induced valley mixing by imaging similar interference even for a two-fold degenerate multiplet, when both valleys are completely occupied (see Supplementary Information) .
We have developed a comprehensive theoretical model to better understand the interference between LL wave functions from different valleys, which confirms that the ground state at ̃ = 1 is a valley-polarized ferroelectric. We construct an effective two-band Hamiltonian that captures the teardrop shape of the hole pockets of the Bi(111) surface states, and is in agreement with ARPES measurements. We then calculate the intrinsic wave functions for both possible ground states in the case of a singly degenerate LL and use them to compute the local density of states in the vicinity of both types of defects (see Supplementary Materials). This theory accounts for the nontrivial momentum-space spin texture of the hole pockets, which ensures valleys at opposite momenta have an overlapping spin component that permits mixing by a spin-independent disorder potential (Fig. 1b-c) . A schematic of the energies used in our calculations for the N = 3 LL is shown in Fig. 3d , where the degeneracies of the different levels correspond to the spectra in Fig. 3a . The guiding centers that count the usual orbital degeneracy within a LL are indexed by m; the shifted zero angular momentum (m = N) states that have weight at the defect site are also included in the schematic above. The surface defect potential couples states with an energy difference comparable to the potential strength; the specific states from all six valleys that can interact within the framework of this model are marked by the dashed box in Fig. 3d . Numerical simulations of the local density of states for a valley-polarized ground state that incorporate this valley mixing match well to the experimental data ( Fig. 3e-f ), capturing the differences between each of the singly degenerate LLs. The strongest mixing occurs between the states coupled by arrows in Fig. 3d , which gives rise to the prominent vertical interference fringes. In contrast, simulations assuming a valley-coherent state (Fig. 3g-h ) display periodic charge modulations that extend well beyond the vicinity of the defect and are inconsistent with our observations. Thus, in the case of a surface defect, theoretical simulations corroborate the valley-polarized nature of a singly degenerate LL. Moreover, this ground state is independently confirmed by comparing our experimental data to calculations around a subsurface defect (see Supplementary Information) .
Physically, the preference for valley polarization can be understood to follow from the fact that intra-valley exchange is always stronger 6 than inter-valley exchange, consistent with our numerical calculations. However, the in-plane electric dipole that necessarily results from the lack of two-fold symmetry for an individual pocket in this valley-polarized wave function is challenging to observe in the current experiment. Direct visualization of the dipole moment is hindered by its small magnitude (~0.4 nm), which is only 0.2% of the wave function spatial extent (see Supplementary Information) . We expect that spontaneous valley polarization leads to ferroelectric domains in the sample, but the inability to directly measure the dipole through wave function imaging precludes identification of the local order parameter. Although our spectroscopic measurements are capable of identifying ferroelectric domain walls, no such boundaries were detected in this experiment (see Supplementary Information).
The distinctive spatial patterns that we observe represent a different regime of wave function interference than is typically measured by STM. Whereas traditional quasiparticle interference 29 (QPI) is the result of elastic scattering of the Bloch states of a crystal due to a defect potential, the interference presented here involves scattering between individual cyclotron orbits in a magnetic field, where the surface defect can perturbatively couple states at different energies. The novel wave function mixing and the involvement of different valleys is evident from the conductance maps and the fast Fourier transforms (FFTs) of the fine interference patterns around surface defects (Fig. 4) . The real space maps at the energies of the shifted counterparts of the singly degenerate LLs (Fig. 4a-b) are not a simple contrast reversal of the maps taken at the unperturbed LL peaks, but display additional diagonal interference patterns, which match well to the theoretical simulations in Fig. 4e-f . The corresponding FFTs (Fig. 4c-d ,g-h) show multiple groups of peaks in the FFT that are arranged either in a line or in a diamond pattern, in contrast to isolated scattering wavevectors visible in typical QPI data. Each group is centered around wavevectors corresponding to the center-to-center distance between pairs of hole valleys, indicating that the defect couples states from all six valleys within a LL even though they have different energies.
The scattering patterns in the FFTs reveal several further details about the wave functions involved and their spin textures. The outer boundary of the groups in the FFTs (Fig. 4c-d,g-h) is due to the size, shape and relative angle between the valleys involved in the scattering process, while the number of high intensity points reflects the nodal structure of the wave functions and therefore depends on orbital index (see Supplementary Information) . In addition, although the LLs corresponding to the B and C valleys occur at the same energy, the signal in the FFT for QA'B is significantly weaker than for QA'C, because of the stronger overlap between valley spin textures in the latter case (see labels in Fig. 1a) . We note that it matters only whether the pockets are adjacent, not the direction of their anisotropy; the signal around QB'A' is strong, whereas that near QA'B is weak. Thus, by comparing the intensity of different groups of peaks, we can qualitatively determine the relative spin overlap for states in different valleys.
Our experimental approach to image the fine features of Landau orbits, resulting in the identification of a new class of broken symmetry quantum Hall state, have broader applicability.
The single valley-polarized quantum Hall state with emergent ferroelectricity studied here is also expected to form in other anisotropic 2D valley systems, such as the surface states of topological crystalline insulators 16, 30 . More broadly, our experimental approach to image Landau level wave functions with a STM can also be extended to identify other exotic correlated states, perhaps including phases containing skyrmions 31 or fractional quasiparticles 32 that can form in high magnetic fields.
Methods
Single Bi crystals were grown using the Bridgman method from 99.999% pure Bi that had been treated to remove oxygen impurities. The samples were cleaved in ultrahigh vacuum at room temperature, immediately inserted into a home-built dilution refrigerator STM and cooled to cryogenic temperatures.
Measurements were performed at 250 mK using a W tip. Spectra and conductance maps were acquired using a lock-in amplifier with AC rms excitation Vrms = 30 µV for Fig. 1 and (Fig. 1a) . e,f, Corresponding numerical simulations of the LDOS assuming a valley-polarized ground state, which match exceptionally well to the data in (a-b) . g,h, Fourier transforms of the theoretical simulations in (e-f). The intensity of the peaks within a group is stronger for smaller energy differences and larger spin overlaps between the involved valleys. 
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